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We present a class of states with both topological and conventional Landau order that arise out of
strongly interacting spinless fermions in fractionally filled and topologically non-trivial bands with
Chern number C = ±1. These quantum states show the features of fractional Chern insulators, such
as fractional Hall conductivity and interchange of ground-state levels upon insertion of a magnetic
flux. In addition, they exhibit charge order and a related additional trivial ground-state degeneracy.
Band mixing and geometric frustration of the charge pattern place these lattice states markedly
beyond a single-band description.
PACS numbers: 71.27.+a, 03.65.Vf, 71.45.Lr, 73.43.-f
The fractional quantum Hall (FQH) effect is a paradig-
matic example for a correlation-driven state with topo-
logical order [1], and the proposal [2–4] that the concept
might be extended from Landau levels arising due to a
magnetic field to topologically nontrivial bands on a lat-
tice has thus raised considerable interest. The role of
the magnetic field is then played by the band’s Berry
curvature and Coulomb repulsions are expected to sta-
bilize analogues to FQH states. That fractionally filled
and topologically non-trivial bands with non-zero Chern
number C can indeed host corresponding states, dubbed
fractional Chern insulators (FCI), has since been well es-
tablished numerically [2, 5–8] for various models. Analyt-
ical considerations have established connections to FQH
states by proposing wave functions [9, 10] and pseudopo-
tentials [11], as well as by noting the close mathemati-
cal relation between density operators in partially filled
Chern bands and those of partially filled Landau lev-
els [12–15]. As paths to realizing topologically nontrivial
and nearly flat bands cold quantum gases [16, 17], oxide
interfaces [18] and layered oxides with an orbital degree of
freedom [7, 8], strained graphene [19], and organometal-
lic systems [20] have been proposed. A review of this
rapidly evolving field can be found in Ref. 21.
Apart from the intrinsic interest in such an effect, one
motivation for the search of FCIs is their energy and thus
temperature scale: as it is given by the scale of the in-
teraction, it is expected to be considerably higher than
the sub-Kelvin range of the FQH effect, especially for
oxide-based proposals [7, 8, 18]. As one would more-
over not need strong magnetic fields, both realization of
such states and their potential application to qubits [22]
then appear more feasible. It has been established that
FCI states can persist the influence of several aspects
that make bands on lattices different from perfectly flat
Landau levels with uniform Berry curvature, e.g., finite
dispersion [8, 23], a moderate staggered chemical poten-
tial [2], disorder [24, 25], or competition with a charge-
density wave (CDW) [25].
Since the FQH effect can be discussed in tight-binding
models instead of Landau levels [26, 27], particularly in-
triguing features of FCI states are those that go beyond
their FQH counterpart. FCIs with higher Chern numbers
were discussed [23, 28, 29], which may be non-Abelian
and thus suitable for quantum computation. It has also
been noted that FCIs do not share the particle-hole sym-
metry of partially filled Landau levels [25, 30]. All these
extensions can, however, be understood by focusing ex-
clusively on the fractionally filled Chern band. FCI states
considered so far are weakly interacting, in the sense that
the interactions stabilizing them are too weak to mix in
the other band(s) with different Chern numbers. Those
can be even projected out of the Hamiltonian, which
keeps the band topology intact but obscures the impact
of other aspects like lattice geometry, again reflecting the
similarity to Landau levels with their weak lattice poten-
tial.
In this Letter, we go beyond the limit of ‘weak’ inter-
actions, into a regime where Chern bands with C = +1
and C = −1 mix. We find states that show the features
of both a CDW (revealed by the charge structure factor)
and of an FCI (fractional Hall conductivity and spectral
flow). The states are related to the ‘pinball liquid’ of the
triangular lattice [31] that combines charge-ordered with
metallic [32, 33] or superconducting [34] electrons. In the
latter case, the system combines charge order with‘off-
diagonal long-range order’. Simultaneous existence of
two such different order parameters has been extensively
investigated, especially in its bosonic counterpart [35–
38], the supersolid [39]. The present case, however, dif-
fers fundamentally from supersolids or superconducting
pinball liquids, as the second type of order in addition
to charge order is topological, i.e., non-local and without
an order parameter. We thus arrive at an exotic state
of matter that is characterized by both Landau-type and
topological order and is understood in terms of both band
topology and lattice geometry.
This novel class of states can be intuitively understood
as comprising of particles that play two roles simultane-
ously. Most of them form the CDW occupying 1/3 of
the triangular lattice sites, see Fig. 1(b). As has been
discussed in the context of the pinball liquid [31–33, 40],
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2additional particles can then move on the remaining sites,
up to a total density of n¯ = 2/3 (two fermions per three
lattice sites). One can view the remaining sites as an ef-
fective honeycomb-lattice model, which has here a 4-site
unit cell [see Fig. 1(b)] and is described by a topolog-
ically nontrivial hoppings. Residual as well as longer-
range Coulomb interactions will here be shown to induce
an FCI out of the pinball liquid’s metal, the topological
pinball liquid (TPL).
We discuss here spinless fermions on a triangular lat-
tice. The topologically nontrivial kinetic energy can be
expressed in momentum space as
H0 =
∑
k,µ,ν
c†k,µH
0
µ,ν(k)ck,ν (1a)
where the indices µ, ν refer to a two-site unit cell and c†k,µ
(ck,µ) are fermion creation (annihilation) operators. The
momentum dependence is contained in the 2× 2 matrix
H0(k) expressed in terms of the vector of isospin Pauli
matrices τ and the unity matrix Iˆ as
H0(k) = g(k) · τ + g0(k)Iˆ , with (1b)
gi(k) = 2t cos(k · ai), i = 1, 2, 3 and (1c)
g0(k) = 2t
′
3∑
i=1
cos(2k · ai). (1d)
The unit cell and the phases of the hoppings can be seen
in Fig. 1(b). a1 = (1/2,−
√
3/2)T , a2 = (1/2,
√
3/2)T
and a3 = −(a1 + a2) are the triangular-lattice unit
vectors. The nearest-neighbor (NN) and third nearest-
neighbor hopping matrix elements are t and t′, the latter
is tuned to change the dispersion of the Chern band [25],
with flattest bands arise for t′/t ≈ 0.2. We keep t′/t = 0.2
unless mentioned otherwise, but we have verified that the
main results remain valid for other values. The interac-
tion
H1 = V1
∑
〈i,j〉
nˆinˆj + V2
∑
〈〈i,j〉〉
nˆinˆj + V3
∑
〈〈〈i,j〉〉〉
nˆinˆj , (1e)
is a repulsion of strength V1 between NN sites, denoted
by 〈i, j〉 and longer-range repulsion V2 and V3 between
second and third neighbors, respectively. We present here
results for V2 = V3, but have verified that unequal val-
ues do not qualitatively change the results unless very
strong V2 destabilizes the V1-driven CDW. Operator nˆi
measures particle density at site i. While the model was
originally introduced to describe topologically nontriv-
ial phases in Kondo-lattice [41] and t2g [8, 25] systems –
hence the signs and phases in Eq. (1) – we use it here to
study the more generic question of FCI states in the limit
of strong interactions. We treat the model Eqs. (1a) and
(1e) with Lanczos exact diagonalization on small clusters
with periodic boundaries directly in real space, without
projection onto the single-particle bands - both bands
CDW
FCI
V1/t
t'/t
(a) (b)
1
2 3
4
FIG. 1. (color online) CDW and FCI on the triangular lat-
tice at ν = 2/3, resp. n¯ = 1/3. (a) Phase diagram of model
Eqs. (1) for a 3× 3 unit-cell (6× 3 lattice-site) system with 6
fermions and V2 = V3 = 0. (b) The 4×4−1 = 15 unit-cell (30
lattice-site) cluster used in this Letter, the unit cell (black/red
circles), the charge-order pattern (filled circles) arising in the
CDW and the hoppings. Solid, dashed and arrowed black
lines represent complex hoppings with phases of 0, pi and
±pi/2 respectively. Grey lines denote hoppings deactivated by
the CDW. Third nearest-neighbor hoppings are not shown.
with Chern numbers C = ±1 are kept. We use clusters
with 3× 6 and 30 sites, which corresponds to 9 resp. 15
unit cells, complemetned by larger clusters in the limit
of large V1.
The model of Eqs. (1) has been shown to yield FCI
states at several filling fractions [8, 25]. As the proposed
TPL states we will be discussing below have both charge
order and topological order, let us first briefly review
these two phases and their signatures. For a filling of n¯ =
1/3 and small to moderate V1, the electrons occupy ν =
2/3 of the lower band and a corresponding FCI arises.
CDW fluctuations destroy it at larger V1, see the phase
diagram Fig. 1(a) and Ref. 25. A schematic picture of
the CDW is given in Fig. 1(b).
Appropriate groundstate properties are necessary to
determine the precise nature of the various phases.
Charge order shows up in the charge-structure factor
N(k) =
∣∣∣∑
i
eikri(nˆi − n¯)|n〉
∣∣∣2 , (2)
where |n〉 is a vector of the ground-state manifold and ri
denotes the location of site i. The CDW with n¯ = 1/3
induces sharp peaks at momenta k = ±K, where K =
(2pi/3, 0), that grow with interaction strength V1. In the
FCI, their weight should remain comparable to that of
other momenta [25].
FCI states, on the other hand, are identified by a frac-
tional Hall conductivity σH, which is obtained by in-
tegrating the many-body Berry curvature in the ϕ =
(ϕa2 , ϕa3)-plane of magnetic fluxes through the handles
of the torus, where the fluxes are introduced as phase
factors in the hoppings along a2 and a3, respectively. It
3is evaluated with the Kubo formula [25, 42, 43]:
σH =
Nc
piq
q∑
n=1
∫∫ 2pi
0
dϕa2dϕa3=
∑
n′ 6=n
〈n| ∂H∂ϕa3 |n
′〉〈n′| ∂H∂ϕa2 |n〉
(n − n′)2 ,
(3)
where Nc is the number of unit cells and |n′〉 are higher-
energy eigenstates with eigenenergies n′ . n are the en-
ergies of the ground states. All values of σH are given in
units of e2/h. As this approach does not involve projec-
tions onto the lower (flat) band, it remains valid for arbi-
trary interactions and band mixing. In the FCI regime,
we find a very precisely quantized σH = 2/3. For the
3× 6-sites cluster, the ground states have the same mo-
mentum and the lowest-energy state contributes 2, while
the other two states do not conduct, giving the expected
average.
In both a CDW with n¯ = 1/3 and an FCI with ν = 2/3,
we expect a gapped ground-state manifold of three nearly
degenerate states that are separated from the remaining
spectrum by a gap. If their momenta are different, the
FCI ground states are expected to exhibit spectral flow
upon insertion of one flux quantum through one of the
handles of the torus [44, 45]. The closing of the gap for
any value of the fluxes determines the phase boundaries
in Fig. 1(a).
Using all eigenvalue and ground-state properties dis-
cussed, we trace the approximate phase diagram of the
Hamiltonian given by Eqs. (1) in Fig. 1(a), setting V2 =
V3 = 0. Comparison to earlier results [25] for a lattice
that is not commensurate with the CDW and hence sup-
presses it, reveals substantial finite-size effects, but the
presence and approximate location of both phases are
consistent: The stability of the FCI depends both on V1
and on the hopping t′; it is most stable for t′/t & 0.2. At
n¯ = 1/3, the CDW can always be induced by increasing
V1 and there is no coexistence of FCI and CDW phases.
Having recognized the main features of the FCI, the
CDW, and their competition at n¯ = 1/3, we now turn
to a phase having the defining features of both. Fig-
ure 2 gives the eigenvalue spectrum for fillings n¯ =
12/30, 13/30 and shows a 15-fold degenerate ground state
as well as spectral flow. For the first case, the degeneracy
expected for a straightforward FCI with ν = 12/15 = 4/5
would be five, which we did not observe for any in-
teraction strength, instead of 15. In the second case,
the degeneracy is consistent with a ν = 13/15 FCI,
however, levels return to their initial configuration al-
ready after insertion of only five flux quanta, which is
unexpected. Moreover, additional interaction-generated
dispersion tends to destabilize FCIs at such high fill-
ings [15, 30]. Closer inspection shows that the 15 low-
energy states can be separated into three groups of five
states each, where each group shows the spectral flow
expected for a denominator-five state, see Figs. 2(c-e)
and 2(f-h).
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FIG. 2. (Color online) Spectral flow upon flux insertion for
the model of Eqs. (1a) and (1e) for a 15 unit-cell system at
(a) ν = 12/15 and (b) ν = 13/15. In (c-e) and (f-h), the
15 low-energy states of (a) resp. (b) are divided into three
groups of five; each group shows spectral flow consistent with
a denominator-5 FCI. Fluxes are inserted as additional phases
in the hoppings, totaling to ϕ for a loop around the cluster
along direction a3. Parameters are t
′/t = 0.2, V1/t = 10 and
V2 = V3 = 2t.
The Hall conductivity establishes this similarity to ν =
2/5 (ν = 3/5) states rather than 4/5 (13/15), as it is
precisely quantized to σH = 0.4 (σH = 0.6) for each of
the ground states. As in some FCI states, e.g. ν = 2/3,
the sum of contributions to the Hall conductivity does
not add up to the Chern number of the non-interacting
band. However, the present states are considerably more
exotic as σH = m/n at ν = p/q, with n 6= q. The Hall
conductivity is thus not given by the usual heuristic σH =
ν×C. Similar to earlier observations for the FQH effect in
the presence of an external potential [46], this is a strong
indication that the ‘topological’ degeneracy differs from
the number of ground states and is here in both cases
n = 5 rather than q = 15.
The remaining ‘trivial’ three-fold degeneracy stems
from Landau-type charge order, as revealed by the static
charge-structure factor Eq. (2) depicted in Figs. 3(a)
and 3(b). For V1 > 0, it peaks at ±K; the peaks grow
when stronger V1 enhances charge order. As discussed
above, this CDW has three quasi-degenerate ground
states. We thus conclude that we have five FCI states
(corresponding to ν = 2/5 or ν = 3/5) for each of
the three ground states of the CDW, totaling to the 15
ground states. Five FCI states per CDW state exhibit
spectral flow, as seen in Fig. 2, and return to the original
point after insertion of 5 fluxes. The CDW itself does not
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FIG. 3. (Color online) Charge-structure factor N(k). (a) for
n¯ = 12/30 and (b) for n¯ = 13/30, V2 = V3 = 2t, and V1 = 8t
(+), V1 = 10t (×), and V1 = 12t (∗). (c) Comparison of
topologically trivial and nontrivial kinetic energy for V1/t =
10, V2 = V3 = 2t. t
′ = 0.2t and in the trivial case, g3 =
m = 2t [47] Of the 15 available momenta, numbers 5 and 10
correspond the ordering momenta ±K of the CDW.
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FIG. 4. (Color online) Phase diagram for n¯ = 12/30 depend-
ing on V1 and t
′ for V2 = V3 = 2t. Filled circles denote TPL
states, × denotes states that do not show a gap between the
lowest 15 states and the rest of the spectrum for all fluxes
ϕ = (ϕa2 , ϕa3) [48].
rely on band topology: Going to a topologically trivial
mass term g3 = 2t = const. [47] somewhat favors a com-
peting sublattice ordering, but charge order nevertheless
remains strong, see Fig. 3(c). However, the state is then
topologically trivial with σH = 0.
Comparison of the phase diagram Fig. 4 to Fig. 1(a)
shows that the TPL needs stronger interactions than the
simple CDW at n¯ = 1/3, consistent with observations in
supersolids [36]. In contrast to the pure FCI, the TPL
is not induced more easily for the nearly flat bands at
t′ ≈ 0.2t than for more dispersive bands. Moreover, 18
electrons (i.e. 12 holes) also show a TPL with charge
order, 15 ground states, and σH = −0.4, even though
the “lower” band for holes is quite dispersive [48]. This
may be connected to an intrinsically reduced dispersion
in the pinball state [40], or may be due to the rather
strong interactions needed to stabilize a CDW, which can
then overcome substantial dispersion [25]. Interactions,
together with band topology and a partial frustration of
the CDW, dominate here over the details of the lower
Chern band that were important at weaker interactions.
We also note that the cartoon picture of Fig. 1(b) does
not fully capture the correlated quantum character of
the TPL: for perfect charge order and t′ = 0, the lowest
subband of the effective system is not a Chern band, yet,
charge fluctuations at finite V1 allow a TPL, see Fig. 4.
Nevertheless, we can exploit the cartoon - valid in the
limit of strong V1 - to address larger systems, see the
Supplemental Material. We restrict the Hilbert space to
low-energy states, i.e., we remove states with too many
pairs of particles occupying NN bonds and paying V1. For
V1  t, the CDW becomes perfect and remaining parti-
cles move on the effective honeycomb lattice of Fig. 1(b).
Up to 6 particles moving on a 60-site honeycomb model
then become accessible. (Corresponding to 90 triangular-
lattice sites, of which 30 are occupied by the CDW.) In-
deed, the signatures of the ν = 2/5 FCI component are
found, as expected for a TPL with ν = 12/15.
In conclusion, we have presented numerical evidence
for a class of composite states of spinless fermions ex-
hibiting both Landau and topological order. The eigen-
value spectra of our interacting spinless-fermion model on
the triangular lattice at filling fractions ν = 12/15 = 4/5
and 13/15 hint at ground states that are neither FCI nor
CDW, but have features of both. The Landau order,
commensurate charge modulation in the ground states,
reveals itself in the interaction strength-dependent peaks
in the static charge-structure factor. The topological or-
der is established via the Hall conductivity, which is pre-
cisely quantized, but with a value σH 6= ν. Instead, we
find a quantization consistent with viewing the ground
states as composites of a CDW state and a FCI state
formed by additional particles in the part of the lattice
that remains unoccupied by the CDW, in some sense sim-
ilar to the superfluid coexisting with a CDW in a super-
solid.
These states with coexisting Landau and topological
order mix both bands of the model, with Chern num-
bers C = ±1, and are made possible by the geometric
frustration of the triangular lattice. The TPL is thus
a state that arises out of lattice features that go beyond
the single-band picture usually sufficient to describe FCIs
and definitely goes beyond a Landau-level description. In
contrast to FCIs arising in a magnetically ordered sys-
tem [8, 49], where Landau order is found in a different
degree of freedom, both types of order are here in the
charge sector. In analogy to the supersolid/pinball liquid
connection on the triangular lattice, similar states might
be found on other lattices supporting supersolids or pin-
ball liquids, possibly also in multi-orbital settings [50].
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FIG. 5. (Color online) Static charge-structure factor N(k) il-
lustrating how longer-range coulomb repulsion V2 = V3 desta-
bilizes the CDW pattern shown in Fig. 1(b) of the main text.
Momenta with numbers 5 and 10 correspond to ±K, the or-
dering momentum of the CDW, for V2 = V3 = 3t, N(k) is no
longer peaked here. V1 = 8t and t
′ = 0.2t in all cases, filling
is 12 electrons on 30 sites/15 unit cells.
2
3
4
5
6
7
8
9
10
0 0.5 1 1.5 2 2.5 3
V 1
/t
V2/t = V3/t
TPLno gap, V1no gap, V2
(a)
-284
-283.5
-283
-282.5
-282
-281.5
-281
-280.5
-280
-279.5
-279
10 11 12 13 14
E(N)
N
(b)
FIG. 6. (Color online) (a) Phase diagram for n¯ = 12/30
depending on V1 and V2 = V3 for t
′ = 0.2t. Filled circles
denote TPL states. × denote non-TPL states, which do not
show a gap between the lowest 15 states and the rest of the
spectrum for all fluxes ϕ = (ϕa2 , ϕa3), but where N(k) is still
peaked at ±K. + denote non-TPL states where these peaks
in N(k) have been lost, i.e., where V2 destabilizes the charge
pattern, see Fig. 5. (b) Total energy as a function of particle
number on the 30-site cluster for V1/t = 10, V2/t = V3/t = 2.
Figure 5 shows that V2 = V3 & 3t destroys the CDW
depicted in Fig, 1(b) of the main text for V1 = 8t. Gen-
erally, the critical value is V2 ≈ V1/3. As can be seen in
the phase diagram for t′ = 0.2t in Fig. 6(a), finite V2 and
V3 is helpful, and may even be necessary, in inducing the
TPL. When longer-range interactions are strong enough
to weaken the CDW, however, first the TPL disappears
and N(k) finally is no longer peaked at ±K.
Phase separation into a charge ordered and an FCI do-
main within the lattice would be hard to reconcile with
the observables discussed in the main text. Moreover, we
checked that the total energy depending on filling is con-
vex for fillings between 10 and 14 electrons on the 30-site
cluster, see Fig. 6(b), also arguing for a thermodynami-
cally stable phase.
For a filling of 18 electrons on 30 sites, we like-
wise found (i) charge order, (ii) a 15-fold near ground-
state degeneracy, and (ii) σH = −0.4 (with V1/t = 20,
V2/4 = V3/4 = 4, t
′/t = 0.2). This agrees with ex-
pectations based on a particle-hole transformed situation
of the 12-electron case discussed in the main text: 10
holes form the CDW while the remaining 2 move be-
tween them. This supports our picture of the topological
pinball liquid, as the “normal” pinball liquid is stable for
1/3 < n¯ < 2/3 and extends the stability range of the
TPL.
While a finite-size scaling involving several cluster sizes
at the same filling is not possible in our case, we were
able to address somewhat larger clusters for the limit
of strong nearest-neighbor Coulomb repulsion. In this
limit, the Hilbert space can be reduced by discarding
high-energy states with too many electrons occupying
NN sites, i.e., only states with an ‘almost perfect’ CDW
have to be kept. We can then treat a cluster with 6 × 6
sites (18 unit cells) and a filling of 14 electrons. We
allowed 0, 1, or 2 faults in the CDW, by finding con-
sistent results, we can conclude that the approximated
Hilbert space still captures all relevant states. In agree-
ment with the expectations for a topological pinball liq-
uid, we find a nine-fold degenerate ground state, 3-fold
for the CDW and 3-fold for the FCI. The latter can be
understood in terms of two electrons that fill one third
of the lowest subband resulting from the effective lat-
tice. Accordingly, we find σH = 1/3 in each of the nine
states and inserting fluxes reveals that three groups of
three states each show spectral flow, with 6pi = 3 × 2pi
bringing the system back to the original point. Param-
eter sets treated include V1/t = 100, V2/t = V3/t = 1,
V1/t = 100, V2/t = V3/t = 2, V1/t = 10, V2/t = V3/t = 2;
t′/t = 0.2 in all cases.
The above results also further ascertain the robust-
ness of the CDW part of the TPL states as the system
size is increased. Taking this robustness in the strong-
V1 limit into account, we can restrict the Hilbert space
to states that contain perfect charge order, as any faults
in the charge pattern will be severely penalized energet-
ically. As detailed in the main text, the charge order is
associated with a 3-fold ground-state degeneracy, which
arises from the translations of the charge pattern. More-
over, when the strong-V1 limit suppresses deviations from
perfect charge order, it also removes tunneling between
the three configurations of the CDW and the Hilbert
space consequently decomposes into three blocks. Treat-
ing each of these blocks corresponds to keeping only the
states coming from one of the copies of the CDW pat-
tern. The “pins” of the pinball can thus be kept fixed
and the interacting “residual” particles can be treated
on the effective honeycomb-lattice model of Fig. 1(b) of
the main text.
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FIG. 7. Spectral flow of the eigenvalues of the effective hon-
eycomb lattice [denoted by thick black lines in Fig. 1(b) of the
main text] with 6 particles in a 3 × 5-cell cluster (ν = 2/5)
with V1/t = 10 and t
′/t = 0.2, which models the residual
lattice after assuming perfect charge order.
For this model, we have studied the ν = 2/5 state for
up to 6 particles. We have verified that the ground state
is 5-fold degenerate (since we have removed by hand the
3-fold degeneracy of the CDW), the levels that comprise
it exhibit spectral flow (see Fig. 7), and the correspond-
ing states have a very precicely quantized σH = 2/5 in
units of e2/h. Therefore, as long as the CDW compo-
nent of a TPL state remains robust when the system size
is increased (as was seen above), it is reasonable to ex-
pect that TPL states survive for larger systems as well.
Phase separation into a charge ordered and an FCI do-
main within the lattice would be hard to reconcile with
the observables discussed above. Additionally, the total
energy depending on filling is convex for fillings between
10 and 14 electrons on the 30-site cluster, as shown in
Fig. 6(b), also arguing for a thermodynamically stable
phase. This suggests that TPL states will be, in princi-
ple, stable in the thermodynamic limit, at least in a per-
fect system at zero temperature, since there is no intrin-
sic feature of these states that prevents thermodynamic
stability.
